[1] The method of recession analysis proposed by Brutsaert and Nieber (1977) remains one of the few analytical tools for estimating aquifer hydraulic parameters at the field scale and beyond. In the method, the recession hydrograph is examined as ÀdQ/dt = f(Q), where Q is aquifer discharge and f is an arbitrary function. The observed function f is parameterized through analytical solutions to the one-dimensional Boussinesq equation for unconfined flow in a homogeneous and horizontal aquifer. While attractive in its simplicity, as originally presented it is not applicable to settings where slope is an important driver of flow, or where hydraulic parameters vary greatly with depth. We compare analytical solutions to the linearized one-dimensional Boussinesq equation for a sloping aquifer to numerical solutions of the full nonlinear equation. The behavior of the nonlinear Boussinesq equation is also assessed when the aquifer is heterogeneous wherein the lateral saturated hydraulic conductivity k varies as a power law with height z above the impermeable layer (k $ z n , n constant ! 0). All of the analytical solutions differ in key aspects from the nonlinear solution when plotted as ÀdQ/dt = f(Q) and thus are inappropriate for a Brutsaert and Nieber-type analysis. However, new analytical solutions for a sloping aquifer are derived ''empirically'' from the numerical simulations that are applicable during the late period of recession when the recession curve converges to ÀdQ/dt = aQ b , where b = (2n + 1)/(n + 1) and a is a function of the dimensions and hydraulic properties of the aquifer. 
Introduction
[2] Recession flow analysis for forecasting drought flows and investigating the groundwater flow regime in basins has over a century-long history (see reviews by Hall [1968] and Tallaksen [1995] ). Brutsaert and Nieber [1977] made a landmark contribution when they proposed plotting the observed recession slope of the drought flow hydrograph, or dQ/dt, against the discharge Q, such that
where f denotes an arbitrary function, and compared observations with analytical solutions to the Boussinesq equation for one-dimensional (1-D) flow in a rectangular horizontal aquifer. This method of analysis, referred to hereinafter as ''recession slope analysis,'' has been used widely since to determine aquifer parameters [Brutsaert and Nieber, 1977; Vogel and Kroll, 1992; Troch et al., 1993; Brutsaert and Lopez, 1998; Eng and Brutsaert, 1999; Parlange et al., 2001; Mendoza et al., 2003; Rupp et al., 2004; Malvicini et al., 2005] , for base flow separation ], and as an aid toward understanding the processes controlling groundwater discharge to streams [Tague and Grant, 2004] . Recession curves plotted as ÀdQ/dt versus Q, or similarly in log-log space, will be referred to as ''recession slope curves'' hereinafter.
[3] The primary function of presenting the recession curve as ÀdQ/dt versus Q is the elimination of time as the dependent variable, thus making it unnecessary to determine the precise beginning of the recession event, t 0 [Brutsaert and Nieber, 1977] . The ambiguity of t 0 in real discharge data leads to uncertainty in the parameterization of groundwater outflow functions.
[4] However, what has certainly made this method of analysis alluring is that three well-known analytical solutions to the Boussinesq equation for an unconfined horizontal aquifer (two exact solutions [Boussinesq, 1904; Polubarinova-Kochina, 1962] and one an approximation by linearization [Boussinesq, 1903] ) can be expressed in the form
where b is a constant and a is a function of the physical dimensions and hydraulic properties of the aquifer [Brutsaert and Nieber, 1977] . Here geometric similarity of a unit-width representative rectangular aquifer (such as that shown in Figure 1 ) distributed throughout a catchment is assumed, so that the total outflow Q is the integration of all flow q per unit width of aquifer entering a stream network of length L, i.e., Q = 2qL [Brutsaert and Nieber, 1977] . The total catchment aquifer area A is equal to 2BL, where B is the characteristic hillslope length from stream to ridge. Plotted as log(ÀdQ/dt) versus log(Q), equation (2) appears as a straight line with slope b and intercept a. Theoretically, one can fit a line of slope b to recession flow data graphed in this manner and determine aquifer characteristics from the resulting value of a, though care needs to be taken when interpreting plots made from measured data [Rupp and Selker, 2006] .
[5] In reality, not all recession slope curves will fall along a single curve. This is due in part to concurrent hydrological processes other than groundwater flow, such as overland flow, quick subsurface flow (e.g., macropore flow), decline in channel or reservoir storage, and evapotranspiration [Brutsaert and Nieber, 1977] . The combination of these processes will result in a faster rate of decline in discharge for a given discharge than groundwater flow alone. For this reason, it has been suggested that a curve be fit to the lower envelope of the data [Brutsaert and Nieber, 1977] . In addition to the above processes, spatial and temporal variability in initial conditions (i.e., initial water table profile) will also result in variability among recession slope curves.
[6] In contrast to the number of studies cited above which compared data to the solutions for the horizontal Boussinesq aquifer, there has been only one attempt to interpret the parameters of recession slope curves based on a solution to the 1-D Boussinesq equation for a sloping rectangular aquifer or hillslope [Zecharias and Brutsaert, 1988b] , such as that shown in Figure 1 . Zecharias and Brutsaert [1988b] made the critical assumption that the water table height could be approximated by an effective water table height constant in time and space, thus linearizing the differential equation.
[7] This paper is a partial assessment of the Brutsaert and Nieber method of recession analysis for sloping aquifers. There are two main objectives. The first is to see if recession discharge as predicted by the nonlinear Boussinesq equation for a sloping aquifer is well suited to the Brutsaert and Nieber method and specifically, if the recession curves take the form of (2). Furthermore, as the method relies on analytical solutions, we evaluate existing analytical solutions in their ability to reproduce the solutions to the nonlinear equation when plotted as log(ÀdQ/dt) versus log(Q).
[8] The second objective is to examine how incorporating vertical heterogeneity in saturated hydraulic conductivity k affects the recession discharge from a sloping aquifer. This is of interest because many studies of saturated hydraulic conductivity at the scale of soil samples [e.g., Harr, 1977; Bonell et al., 1981; Beven, 1982a Beven, , 1984 and of lateral saturated conductivity at the hillslope scale [Brooks et al., 2004] have revealed large decreases in k with depth. Specifically, a power law function describing the continuous change in k with height z above bedrock is incorporated into the Boussinesq equation [e.g., Beven, 1982b; Rupp and Selker, 2005] and solved numerically.
Review of Analytical Solutions
[9] For flow in an unconfined aquifer overlaying an impermeable base of slope f, Boussinesq [1877] made use of the Dupuit-Forchheimer approximation to derive
where q is the flow rate per unit width of aquifer in the x direction, k is the saturated hydraulic conductivity in the direction parallel to the impermeable layer, and h = h(x, t) is the thickness of the water layer perpendicular to the impermeable layer (see Figure 1 ). Inserting (3) into the continuity equation yields, in the absence of recharge or evaporation,
where 8 is the drainable porosity [see also Childs, 1971] . Equation (4) is often expressed for constant k, in which case k is brought outside of the derivative.
[10] Existing analytical solutions to (4) for a horizontal and a sloping aquifer are reviewed below. All the solutions either take the form of (2) exactly, or when b is a function of time, they converge to (2) as t goes to infinity and, in many cases, as t goes to zero. The definitions of the recession parameters a and b in (2) for each solution are listed in Figures 2 and 3 . While the following information for a horizontal aquifer is available elsewhere in the published literature, it is useful to have it compiled. More important, to our knowledge this is the first time that most of the analytical solutions for a sloping aquifer have been presented in the form of (2).
Horizontal Aquifer
[11] For the case of a horizontal aquifer (f = 0), several analytical solutions to (4) can be presented exactly in the form given by the power law in (2) [Brutsaert and Nieber, 1977]. Beginning with an initially saturated aquifer subjected to instantaneous drawdown, Polubarinova-Kochina [1962] derived an exact solution to (4) for a homogeneous and infinitely wide aquifer, which is applicable for early time when the zero-flux boundary at x = B has no effect on the discharge rate. The parameters a and b for this solution, when expressed in the form of (2), are given in Figure 2 (see parameter set i). In this case, the head h 0 at the discharge boundary or channel is assumed to be zero. Lockington [1997] arrived at a more general, albeit approximate, earlytime solution for any constant value of h 0 between 0 and the initial horizontal water table height D (see set ii in Figure 2 ). Most recently, Rupp and Selker [2005] solved (4) for the early-time domain for an aquifer in which k increases with height z as the following power law (Figure 4 ):
where k D is the saturated hydraulic conductivity at height z = D, and n is a constant greater than or equal to 0 (see parameter set iii in Figure 2 ). Note from Figure 2 that the recession slope parameter b equals 3 for each of these three early-time solutions regardless of the head at the aquifer outlet or the vertical distribution of k.
[12] For late times, defined to be when the up-slope zeroflux boundary is influencing the discharge at the drainage boundary, Boussinesq [1904] provided an exact solution for a homogeneous aquifer (see parameter set iv in Figure 2 ). Rupp and Selker [2005] later generalized the solution to include the power law k-profile in (5) (see parameter set v in Figure 2 ). For both solutions, h 0 = 0. Note that the recession slope parameter b equals 3/2 for the power n = 0 (a homogeneous aquifer) and approaches the value of 2 as n goes to infinity (see Figure 2 ).
[13] Parlange et al. [2001] derived an approximate solution to (4) that unites both the early and late-time solutions for a homogeneous aquifer with h 0 = 0.
[14] The early-time (b = 3) and late-time (b = 3/2) behaviors predicted by the Boussinesq equation for a homogeneous aquifer where h 0 % 0 have been corroborated by laboratory tank experiments (i.e., Hele Shaw models) [Ibrahim and Brutsaert, 1965; Hammad et al., 1966; Ibrahim and Brutsaert, 1966; Mizumura, 2002 Mizumura, , 2005 .
[15] An approximate solution given by Boussinesq [1903] for the homogeneous aquifer, also limited to late times, can be obtained by linearization of (4) (see parameter set vi in Figure 2 ). In this case, the variable h outside of the brackets in (3) is set equal to a constant effective water table height pD, where 0 < p 1. However, the linearization yields a value of 1 for b, which is inconsistent with the laboratory findings cited in the previous paragraph. The linearization is more appropriate when the drop in head at the outflow boundary is much less than the initial saturated thickness of the aquifer, i.e., D À h 0 ( D. This condition has been shown to yield b = 1 in late time [e.g., Szilagyi, 2004; van de Giesen et al., 2005] .
[16] This method of linearization mentioned above is used to arrive at many of the solutions for a sloping aquifer reviewed in the following section. The significance of the linearization parameter p is also discussed in the following section.
Sloping Aquifer
[17] Numerous transient analytical solutions exist to the Boussinesq equation based on the kinematic wave approximation [Henderson and Wooding, 1964; Beven, 1981 Beven, , 1982b and various approaches to linearization [Zecharias and Brutsaert, 1988b; Sanford et al., 1993; Brutsaert, 1994; Steenhuis et al., 1999] .
[18] The kinematic wave equation arises from assuming that in (3) the hydraulic gradient at any point x is equal to the bed slope, or dh/dx = 0, and thus q = Àkh sin f. This results in the loss of the second-order diffusive term in (4), making it applicable only for steep slopes and/or highly conductive aquifers relative to the recharge rate [Henderson and Wooding, 1964]. As there is no diffusion, the entire recession slope curve is defined by the initial shape of the water table. For an initially saturated aquifer with the power law k profile in (5), it can be shown that the kinematic wave equation predicts a recession discharge that is constant in time [Beven, 1982b] :
Thus dQ/dt = 0 for all Q and the recession constants a and b both effectively equal 0 (see set vii in Figure 3 ). On the other hand, beginning with a steady state water table profile following a period of constant and spatially uniform recharge N, the recession constant b equals 0 for a homogeneous aquifer and approaches 1 as n approaches infinity (see set viii in Figure 3 ).
[19] Another approach to making (4) more tractable is to use the quasi steady state assumption that the shape of the moving water table is the same as that calculated for steady flow. Zecharias and Brutsaert [1988b] made this assumption along with the linearization discussed above to obtain a solution for a sloping homogeneous aquifer (see set ix in Figure 3 ). Note the resemblance of the recession parameter a given in Figure 3 to the definition of a for a linearized horizontal aquifer (see set vi in Figure 2 ). The two are nearly equivalent but for a ''slope factor'' which contains the dimensionless term h:
This way of expressing a as the horizontal parameterization multiplied by a slope factor is also done, when appropriate, for several other solutions reviewed below. Though it does not generally result in the simplest form for a, it facilities the comparison of the various solutions. The parameter h is identical to the ''groundwater hillslope flow number'' defined by Brutsaert [2005] for p = 1. This number ''represents the relative magnitude of the slope term, i.e., gravity, versus the diffusion term'' [Brutsaert, 1994] .
[20] Using a similar quasi steady state approach, Sanford et al. [1993] presented three solutions for cumulative discharge, each based on a different method for approximating the effective water table height. We refer the reader to Sanford et al. [1993] for a description of the three approximations used. The three solutions are presented in the form of (2) for the case where h 0 = 0 for comparison with the other solutions presented herein. The first two solutions yield a constant value of the recession constant b (1 and 1.5, respectively) (see sets x and xi in Figure 3 ). The third solution differs in that the value of b transitions in time from 1.5 to 1 (see sets xii and xiii in Figure 3 ).
[21] Steenhuis et al. [1999] addressed the conditions of the steep hillslope experiments at the Coweeta Hydrological Laboratory. For their solution, h 0 = D and the initial water table is a straight line with boundaries h(0, 0) = D and h(B, 0) = 0. The solution can be expressed as
It can be shown that as t goes to infinity, (8) converges to the form of (2) with the recession parameter b equal to 1 (see set xiv in Figure 3 ).
[22] Brutsaert [1994] used a linearization in h to arrive at an infinite series summation solution for an instantaneous drawdown to h(0, t) = 0 in an initially saturated homogeneous aquifer. It can be shown [Brutsaert and Lopez, 1998 ] that as t goes to zero the early-time value of b goes to 3 (see set xv in Figure 3 ). For late time, the solution can also be expressed as (2) by neglecting all but the first term in the summation in equation (17) of Brutsaert [1994] (see set xvi in Figure 3 ).
[23] Others have used the same linearization approach as Brutsaert [1994] , but have included variable recharge rates, nonzero stream water levels, and constant head at the upslope boundary [Verhoest and Troch, 2000; Verhoest et al., 2002; Pauwels et al., 2003] . Chapman [1995] also addressed a pulse of recharge but rewrote (4) for h 2 and used a linearization in h 2 to arrive at a solution. Though these solutions differ from Brutsaert [1994] in early time due to different initial conditions, it can be shown that they are essentially equal in the late time domain (b and a are given by set xvi in Figure 3 ) for the zero-flux upslope boundary condition.
[24] One can see from Figure 3 that b = 1 for all but one of the linearized late-time solutions for a homogeneous aquifer. In experiments using an inclined Hele Shaw model, Mizumura [2005] observed that at late time the discharge declined exponentially with time, which is equivalent to b = 1.
[25] It is worth briefly discussing the parameter p that arises from the linearization method employed by Brutsaert [1994] and others [Zecharias and Brutsaert, 1988b; Chapman, 1995; Verhoest and Troch, 2000; Pauwels et al., 2002] . The assumption of the linearization is that changes in the water table height are small such that a constant ''effective'' water table of height equal to pD can be assumed. Though this method has yielded analytical solutions to the Boussinesq equation, it leads to one more parameter for which to solve. It has been suggested that p be treated as a calibration parameter [Brutsaert, 1994] , but this not desirable if the goal is to identify the value of other unknowns, such as k and 8.
[26] For an initially saturated aquifer, Brutsaert [1994] points out that previous analytical solutions for a horizontal aquifer suggest a relatively narrow range of values for p between 1/3 and 1/2. However, an initially saturated unconfined aquifer will not often occur in natural conditions [van de Giesen et al., 2005] , so the determination of p is not straightforward. Where the aquifer is sloping, Koussis [1992] proposed the following implicit equation for pD for the special case of a steady state water table profile due to a constant recharge rate N and a channel head h 0 = 0: Though (9) is slightly cumbersome, explicit approximations can be derived that are applicable for given ranges of h [Koussis, 1992] .
3. Methods
Numerical Solution of the Boussinesq Equation
[27] The subsurface flow in a sloping aquifer with a power law k profile can be expressed as
Note that k has been replaced by k(h) in (3) where
The corresponding transient water table height is
for a recharge rate N. Equation (12) was solved numerically using a fourth-order Runge-Kutta finite difference method. A zero-flux condition was maintained on the upslope boundary.
[28] A total of 75 model runs have been reported. For 55 of the runs, the aquifer was homogeneous (n = 0). Of these, 45 simulated the drainage of an aquifer initially saturated to a uniform height D, and the remaining 10 simulated drainage following steady state recharge conditions. For the steady state cases, an initial steady state water table profile was generated by applying a constant and spatially uniform recharge rate N to an initially dry aquifer until the discharge rate q reached 99.99% of the recharge rate NB. Also, 35 of the 55 runs were subjected to complete drawdown at the channel (h 0 = 0), while for 20 runs h 0 was set at 0.5D or D. The model parameters k D , 8, tan f, B, and D were varied as indicated in Table 1 .
[29] Twenty model runs corresponded with a heterogeneous aquifer, with the power n ranging from 0.0625 to 64 (see, e.g., Figure 4 ). Only the initially saturated case for h 0 = 0 was simulated. The values of remaining model parameters are given in Table 1 .
Dimensional Analysis
[30] In order to generalize the results of the model runs, transient discharge was expressed without dimension where an appropriate manner of scaling both time and discharge were known. Below is presented the manner in which transient discharge was scaled for the case where h 0 = 0. As the authors could not find a meaningful way to scale time and discharge for h 0 > 0, transient discharge was left unscaled for this boundary condition.
Initially Saturated Aquifer
[31] When aquifer discharge is diffusion-controlled, such as at early time or for small h, dimensionless time t* d and dimensionless discharge Q* d are given as
where the subscript d denotes diffusion dominance.
Equations (13) and (14) are based on the analytical solution of (12) given an initially saturated horizontal aquifer [Rupp and Selker, 2005] with an additional typically minor aquifer slope adjustment of cos f [see Brutsaert, 2005, pp. 409-411] . Integrating (13) by (14) yields the dimensionless time rate of change in discharge
[32] When aquifer discharge is gravity-controlled (late time or large h), dimensionless time and discharge arise from consideration of the celerity of the kinematic wave [e.g., Brutsaert, 2005, equation (10.151) ] adjusted for the vertical k profile, and a characteristic length B, such that dimensionless time is
and dimensionless discharge is
where the subscript g denotes gravity dominance. The corresponding dimensionless time rate of change in discharge is
[33] We arrive at a dimensionless time for when both diffusion and gravity are important by combining (13) and (16) as
Dimensionless discharge is similarly formed from (14) and (17) as
and the dimensionless time rate of change in discharge is 
Dimensionless discharge is discharge divided by the uniform recharge rate:
For gravity-controlled conditions, dimensionless time t* g is given by (16) with n = 0, while dimensionless discharge Q* g is again equal to (23). When both diffusion and gravity are factors, dimensionless time and discharge are
respectively, and the dimensionless time rate of change in discharge is Figure 5 for h = 0). The recession slope curve in each of these domains follows its well-known behavior: as a straight line with slope b = 3 and 3/2 for the early and late time, respectively. The early-time domain corresponds to the period during which the water table height h at the no-flux boundary at x = B remains fixed at its initial height, i.e., h(B, t) = D. During the late-time domain, the water table is moving downward at the no-flux boundary. For other initial conditions this distinct earlytime pattern for which b = 3 may be absent (see, e.g., Figure 6 for h = 0) and the transition to the late time domain may look different [van de Giesen et al., 2005] . Figure 5 . Numerically generated recession slope curves predicted by the nonlinear Boussinesq equation for an initially saturated homogeneous aquifer subjected to full and instantaneous drawdown at the downhill boundary. The dotted, dashed, and solid sections of each curve correspond to the early, intermediate, and late-time domains, respectively, described in the text. Also indicated is the point on each curve where the drying front first reaches the aquifer base at the uphill aquifer boundary. The three curves are for aquifers with gradients of 0, 2, and 32%. Figure 6 . Numerically generated recession slope curves predicted by the nonlinear Boussinesq equation for a homogeneous initially steady state aquifer with water height = 0 at the downhill boundary. The dashed and solid sections of each curve correspond to the intermediate and late-time domains, respectively, described in the text. Also indicated is the point on each curve where the drying front first reaches the aquifer base at the uphill aquifer boundary. The three curves are for aquifers with gradients of 0, 2, and 32%.
[36] In the case of the sloping aquifer the water table at both the channel (x = 0) and the ridge line (x = B) begins to drop immediately, forming a ''mound'' (see Figure 1 ) which progresses downslope. Additionally, the water table eventually reaches the aquifer base at x = B and the point x at which h = 0 recedes downslope [Stagnitti et al., 2004] . The result is a more complex discharge pattern than seen for the horizontal aquifer. Still visible is an early-time domain in which the recession slope curve has a nonconstant slope b greater than 3 which approaches infinity for steep slopes (see Figure 5 ). Also for steep slopes (e.g., h > 16), the period when b reaches a maximum is when the body of water is behaving as a kinematic wave. Though there may be considerable drainage during this period, the discharge rate changes little, and thus it appears hardly as more than a point in a plot of log(ÀdQ/dt) versus log(Q). In contrast, for mildly sloping aquifers the transition out of the early-time domain is similar to the transition from early to late time in a horizontal aquifer.
[37] Following the early-time domain, there is an intermediate domain which bridges the early-and late-time domains. The particular shape of the intermediate domain depends greatly on the aquifer slope (see Figure 5) . From the intermediate time there follows a transition to the late time in which the curves converge to the form of (2) with b = 1. However, this transition occurs after much of the aquifer has already drained and long after the water table has begun to recede downslope along the aquifer base.
[38] When the water table is initially at steady state due to a constant recharge rate, the early-time domain all but disappears ( Figure 6 ) and there is a quick transition to the intermediate domain. For steep aquifers, the intermediate domain is characterized by a ''plateau'' where the time rate of change in discharge is constant and then gradually transitions to the late time where (2) holds (Figure 6 ). This plateau corresponds to the kinematic wave behavior. For mildly sloping aquifers, the intermediate time is at first much like the late time of the horizontal aquifer. Eventually, all the curves transition to the late-time domain, similar to the initially saturated case.
[39] Despite the complex shapes of the recession curves shown Figures 5 and 6 , a Brutsaert and Nieber -type analysis may still be applicable, particularly when quality low-flow data are available, so long as appropriate analytical solutions are available.
[40] However, the analytical solutions reviewed in section 2.2 are not consistent with the numerical solutions to the nonlinear equation, nor are they consistent among themselves, particularly as the slope f (or h) increases. Figures 7 and 8 show the recession slope curves for several solutions given equivalent values for the parameters B, D, L, k, 8, and, where present, p. For mild slopes (h < 1), many of the solutions are similar, and differences can largely be accounted for by the constant in the recession parameter a: For example, the value of 8 in set ix versus the value of p 2 in set xvi in Figure 3 . An exception is the second equation of Sanford et al. [1993] (see parameter set xi), for which b has the value of 3/2. As the slope f or h increases, the analytical solutions diverge greatly (see Figure 8) .
[41] Because the linearized solution of Brutsaert [1994] encompasses the early-through late-time behavior of the numerical solution, it was examined most closely. The similarly derived analytical solution of Verhoest and Troch [2000] given a water table initially at steady state was also assessed. For the remainder of this section, references to the ''linearized solution'' refer only to those solutions following Brutsaert's solution [Brutsaert, 1994; Verhoest and Troch, 2000; Pauwels et al., 2002] . [42] For comparison with the numerical solutions, the linearized solution was given nearly identical parameterization. Because there is not yet a theory for determining p a priori, we let p = 0.3465 [Brutsaert and Nieber, 1977] for all solutions for an initially saturated aquifer, even though it would seem more appropriate for p to be a function of f. For the initially steady state cases, pD was calculated by (9).
[43] The early time domain in the initially saturated case is well reproduced by the linearized solution (Figure 9) . However, the intermediate-time domain of the linearized solution extends over a much narrower range of discharges and the convergence toward a value of b = 1 is more rapid than in the numerical result. The significance for aquifer characterization is that the corresponding value of the latetime parameter a in (2) is not the same for the solutions to the nonlinear and linearized equation; in some cases, the value of a differs by an order of magnitude. For mildly sloping aquifers, the linearized solution clearly does not match the numerical solution at intermediate and late times ( Figure 9 ).
[44] Because the analytical solutions to the linearized Boussinesq equation do not match the numerical solutions to the nonlinear equation outside of the early time, we attempted to empirically derive an analytical solution to the nonlinear equation for late time by noting that individual recession slope curves generated with unique parameter values appear to converge upon a single curve when time and discharge are given by the ''gravity-controlled'' dimensionless quantities given by (16) and (17), respectively ( Figure 9 ). This is true for both the initially saturated aquifer and the initially steady state aquifer, but the convergence appears weaker for the latter case.
[45] The dimensionless late-time recession curve is estimated by
where a* % 100. Substituting (17) and (18) into (27) yields
Equation (28) is also given in Figure 3 (see parameter set xvii), but with the substitution B = A/(2L) to permit easier comparison with the other solutions in the table. There is a good 1:1 match between a from (28) and the numerically derived values of a (Figure 10 ). For all but one value, the error is within ±15%; for the other value, which corresponds to the initially steady state case for tan f = 0.32, the error is À33%. Figure 10 . Late-time recession parameter a predicted from equations (28) and (29) plotted against the observed a determined from numerically derived recession slope curves for the case where the head at the discharge boundary (h 0 ) = 0. The circles correspond to an aquifer initially saturated to a height D, and the triangles correspond to the initially steady state water table due to a uniform recharge rate N. Each numerical simulation had unique set of values of f, 8, k, D, and B. [46] It is worth noting that D, the depth of the aquifer, is absent from (28). This is a useful result with regards to hydraulic parameter estimation as it eliminates the problem of uncertainty in knowing D in the field. It is also interesting that B appears in (28) even though by this time the upslope end of the water table is traveling down the aquifer base. This implies that although the water body is no longer in contact with the boundary at x = B, it retains the memory of its presence for an indefinite period.
[47] Obviously the most striking difference between (28) and any of the linearized solutions given in Figure 3 is the curiously large constant of ''100.'' We can offer no explanation for how this value arises, but its significance with respect to aquifer parameter estimation is certainly great. The other key difference is that a in (28) varies with aquifer slope in a manner unlike all but one of the linearized solutions in Figure 3 . The exception is the third late-time solution of Sanford et al. [1993] (see parameter set xiii), which is identical to (28) but for the constant of 100 after making the substitution h = Btan f/D.
Discharge Boundary Head (h 0 ) > 0
[48] We examined the effect of a nonzero h 0 as one would expect the linearized solution to perform better for h 0 /D near 1. It should be noted that the linearized solutions do not permit the water table to move down the aquifer base after reaching a height of 0 at x = B, so how this affects the late time recession curve is certainly of interest [Stagnitti et al., 2004] . Furthermore, the linearized solutions for discharge do not explicitly account for the head at the channel h 0 . Interestingly, though h 0 is a parameter in the linearized equation for the transient water table height in the work by Pauwels et al. [2002] , it is absent from the equation for discharge. One is left then to account for a nonzero value of h 0 through the parameter p. Because there is not yet a theory for determining p a priori, we let p = 0.3465 [Brutsaert and Nieber, 1977] for all solutions for an initially saturated aquifer, even though it would seem more appropriate for p to be a function of at least h 0 and f. For the initially steady state cases, pD was calculated by (9).
[49] In the early-time domain, the linearized solution appears to do less well for h 0 /D = 0.5 than for h 0 /D = 0 at reproducing the nonlinear solution, particularly for mildly sloping aquifers (compare Figures 9a and 11a) . Curiously, the linearized solution retains the early-time domain even when h 0 /D = 1, in contrast with the numerical solution (Figure 11b) .
[50] At late time the linearized solutions move closer to the numerical solutions as h 0 /D approaches 1 (Figure 11 ). Again, this is not surprising because the linearization is more suited to conditions where D À h 0 ( D. A more appropriate choice of p for h 0 > 0 should bring the solutions even closer together.
[51] Though not shown, the general relationship of a to the aquifer parameters given in (28) does not persist for values of h 0 /D = 0.5 or 1. As an aid to understanding why this is not so, we plotted a against Btan f/h 0 . It is clear from Figure 12 that a transition between regimes occurs at Btan f/h 0 = 1. When h 0 > Btan f, the water table at the upslope boundary never reaches the aquifer base. It is useful to know what the linearized solution of Brutsaert [1994] would predict in this regime. Rewriting the definition of a from Brutsaert [1994] given in Figure 3 (parameter set xvi) in terms of B gives
When h 0 > Btan f, the term in brackets in (29) is approximately 1 for most realistic conditions and (29) simplifies to the linearized solution for a horizontal aquifer [Boussinesq, 1903] with a relatively insensitive slope factor of cos f. What remains uncertain is the value of the effective water table height pD at late time. If we assume that the effective water table height pD is the average height of the water table following an infinitely long time, i.e., when the water table is flat, (29) can be estimated by
Equation (30) is also given in Figure 3 but written in terms of h and A for consistency (see parameter set xviii). Though not exact, (30) captures the general behavior seen in Figure 12 remarkably well.
[52] In the other regime where h 0 < Btan f, which is most likely to occur when (h/(pp))
2 ) 1, equation (29) may be simplified to
It is evident from Figure 12 that the term cosftan 2 f captures well the dependence of a on aquifer slope, at least for Btan f/h 0 < 32. There is insufficient information at this point however, to suggest a function for the effective water table pD. The two curves for (31) shown in Figure 12 were fit visually through the points using pD = 0.09 for h 0 = D and pD = 0.18 for h 0 = 0.5D. It appears thus that 1/(pD) may be approximated by a linear function of h 0 , though at this time we offer no further explanation.
[53] The above analysis reveals that the linearized solutions of Brutsaert [1994] and Verhoest and Troch [2000] perform poorly outside of the early-time domain for h 0 = 0. This point should be stressed, as it is often this boundary condition that has been used in the literature when assessing the performance of linearized solutions to the Boussinesq equation. On the other hand, the linearized solutions are capturing much of the behavior of the nonlinear Boussinesq equation when h 0 /D is at least as great as 0.5. What remains unknown is how to define the parameter p when h 0 < Btan f. This corresponds to the condition where the upslope end of water table is moving down the aquifer base, a feature of the nonlinear equation which the linearized solutions do not reproduce.
Effect of the Power Law Conductivity Profile
[54] The value of the power n determines the shape of the recession slope curve in the intermediate and late times (see Figure 13 ). As n increases, the intermediate time domain occupies a progressively smaller range of discharges. At late time the dimensionless curves converge to
where
and t* g and Q* g are calculated by (16) and (17), respectively. In contrast, at early time the curves retain their general shape for a given aquifer slope irrespective of the value of n. This similarity in early time is consistent with the analytical solution for a horizontal aquifer [Rupp and Selker, 2005] . It is worth noting that because k decreases to zero at the aquifer base, the possible condition for the homogeneous aquifer in which the water table drops to the aquifer base at the point x = B and then travels downslope does not arise.
[55] A value of a* was calculated for each value of n by fitting (32) to the numerically generated late time recession curves. Figure 14 shows the numerically derived a* plotted (17) and (18) for h 0 = 1 (dotted) and h 0 = 0.5 (dashed). In (18), the parameter p was set to 0.09 for h 0 = 1 and to 0.18 for h 0 = 0.5. against 1/(n + 1). Curve fitting by trial and error to the points in Figure 14 led to
where y = 1/(n + 1), or simply a* = (n + 1) 2 /n. For very small values of n, including n = 0, (34) is inappropriate, so a modification could be made to (22) such as a* = (n + 1) 2 / (n + 0.01). Finally, substituting (17), (18), (33), and (34) into (32) yields
Equation (35) was validated by plotting on one graph many numerically generated recession curves as dQ
It is evident from the convergence of the curves in Figure 15 that (35) is a good approximation of late-time recession discharge for the range of parameters tested.
[56] It is of interest to compare the late-time result (equations (32) and (33)) to the analytical solution for drought flow derived for TOPMODEL given a power law transmissivity profile [Ambroise et al., 1996; Duan and Miller, 1997; Iorgulescu and Musy, 1997] . Subsurface flow per unit contour length in TOPMODEL is assumed to be equal to the local topographic gradient tan b multiplied by the transmissivity T, which itself is a function of the soil moisture deficit d [Beven and Kirkby, 1979] . Following Duan and Miller [1997] , the subsurface flow given as function of the soil moisture deficit d taken to a power m is
where T 0 is the transmissivity at saturation, or at d = 0 [Duan and Miller, 1997] . Defining a degree of storage S, where S = 1 À d/m, equation (24) can be rewritten as
Note that (37) resembles the nonlinear reservoir discharge equation
, where a is a constant of proportionality. Given in terms of the Boussinesq aquifer discussed in this paper, (37) becomes
where T D = k D D/(n + 1) and m = n + 1. (As an aside, (38) is nearly identical to the flux term in the kinematic wave approximation [Beven, 1982b] , except that tan f has replaced sin f.)
[57] When m and T 0 , or similarly n and T D , are uniformly distributed throughout a catchment, it has been shown [Duan and Miller, 1997; Iorgulescu and Musy, 1997] that the subsurface discharge to the channel under drought conditions can be expressed in the form of (2) with b = (2m À 1)/m. The lumped nonlinear reservoir equation also results in b = (2m À 1)/m [Brutsaert and Nieber, 1977] , which is expected as it is identical in form to (37). Expressed in terms of n, b = (2n + 1)/(n + 1), which is equivalent to (33). In short, given a power law k profile, the nonlinear Boussinesq equation for a sloping aquifer Figure 15 . Dimensionless time rate of change of discharge versus transformed dimensionless discharge for various numerical solutions of the nonlinear Boussinesq equation with a saturated hydraulic conductivity that increases as a power of n with height z above the impermeable base. For all cases, the aquifer was initially saturated to a height z = D. The power n was varied from 0.25 to 4 for an aquifer gradient tan f of 0.03 (dotted lines) and from 0.0625 to 64 for tan f = 0.3 (solid lines). For other parameter values, see Figure 3 . Figure 14 . Dimensionless recession parameter a* versus 1/(n + 1) as determined from numerical solutions to the nonlinear Boussinesq equation with a saturated hydraulic conductivity that increases as a power of n with height z above the impermeable base.
predicts the same value for b during late-time drought conditions as does the TOPMODEL groundwater outflow equation.
Conclusions
[58] This study has addressed two topics in the theory of groundwater discharge to streams from unconfined aquifers. The first topic is the effect on discharge predictions arising from the linearization methods used to derive analytical solutions to the 1-D Boussinesq equation for a sloping aquifer. Particular attention was placed on how the analytical solutions appeared when plotted as log(ÀdQ/dt) versus log(Q). This plotting technique has been used previously to compare recession data with analytical solutions to the Boussinesq equation for a horizontal aquifer. Known also as the method of Brutsaert and Nieber [1977] , it is the primary analytical tool available for estimating basin-scale hydraulic properties [Szilagyi, 2004] .
[59] It was shown by comparison with numerically generated recession curves of the nonlinear Boussinesq equation that the existing analytical solutions for the sloping aquifer are generally inappropriate for this type of analysis. An exception may be for when the water height in the stream does not differ greatly from the height of the water table relative to the total depth of the aquifer. Even in this case, however, a better theory is needed for what the effective water table height should be in the linearized equation, i.e., what is the value of pD? Given the weaknesses of the existing analytical solutions, we have presented approximate empirically obtained analytical relationships linking aquifer parameters to the discharge patterns predicted by the nonlinear Boussinesq equation.
[60] The second topic of this paper is on the use of the nonlinear 1-D Boussinesq equation for characterizing the subsurface of a hillslope with shallow soils. The Boussinesq equation in its basic form assumes a homogeneous aquifer. However, soil hydraulic properties, and particularly saturated hydraulic conductivity k, often vary with depth. We allowed lateral k to vary continuously with height h as a power law and solved the modified Boussinesq equation numerically. It was found that the recession parameter b in (2) converges to (2n + 1)/(n + 1), where n is the power in the k function. A definition for the recession parameter a was also derived for late time, meaning that in theory the Brutsaert and Nieber method can be used to determine the hydraulic properties of a sloping aquifer. The findings that b can range from 1 to 2 for such a sloping aquifer and from 1.5 to 2 for the horizontal case [Rupp and Selker, 2005] are significant in light of streamflow recession analyses that have found values of b ranging from approximately 1 to greater than 3 [Brutsaert and Nieber, 1977; Vogel and Kroll, 1992; Troch et al., 1993; Brutsaert and Lopez, 1998; Eng and Brutsaert, 1999; Mendoza et al., 2003; Tague and Grant, 2004; Malvicini et al., 2005] . While his analysis method differed from those in the above studies, Wittenberg [1999] found in effect that the distribution of b for nearly 100 streams and rivers across Germany was centered near 1.5.
[61] Though in the above work we have begun to extend the Brutsaert and Nieber method to recession discharge from individual sloping aquifers, the issue of catchmentscale applicability is still largely unexplored. The method relies on the assumption of geometric similarity of the ensemble of hillslopes that make up a catchment, while actual aquifer units will have a variety of geometries. One would expect drainage to occur faster from units that are steep, short, and/or have divergent flow lines, thereby as time progresses the hydrograph will become dominated by the aquifer units with the mildest slope, longest base, and/or most convergent flow [Brutsaert, 2005] . In fact, recession slope data in some sites of moderate to high relief have been found to be consistent with a nonlinear, horizontal, homogeneous Boussinesq aquifer [Mendoza et al., 2003; Tague and Grant, 2004] . Adding to the general uncertainty on the subject is that multicatchment comparisons have not universally found slope to be an important factor in explaining drought flow variability among basins [Zecharias and Brutsaert, 1988a; Vogel and Kroll, 1992; Lacey and Grayson, 1998 ].
[62] In the case of a horizontal or very mildly sloping aquifer, found the assumption of a representative single rectangular aquifer to be robust, based on numerical solutions of the 2-D Boussinesq equation in a synthetic catchment. The general shape of the recession slope curve for catchment discharge was similar to that for discharge from a 1-D rectangular aquifer, though with a smoother transition between the early and late time domains. Furthermore, the basin-scale hydraulic and geometric aquifer parameters were reasonably estimated by recession slope analysis using (2), including cases where the saturated hydraulic conductivity varied across the catchment. As of yet, however, we are not aware of numerical experiments similar to that of for catchments composed of hillslopes of moderate to steep gradient.
[63] Advances have been made in applying a modified 1-D Boussinesq equation to a single hillslope with a geometry other than simply rectangular in both the planar and profile dimensions, thus allowing for divergent and convergent flow Troch et al., 2003; Hilberts et al., 2004; Troch et al., 2004; Huyck et al., 2005] . The analytical solutions derived so far, however, are still based on linearizing the modified Boussinesq equation Huyck et al., 2005] , and thus attempts at aquifer characterization using these analytical solutions [e.g., Huyck et al., 2005] will still suffer from the inability of the linearized equation to accurately reproduce the correct relationship between the hydrograph slope and the discharge.
Appendix A
[64] Figure 2 lists the functions f Lo , f R1 , and f R2 that are part of the definitions for the recession parameter a for three solutions to the Boussinesq equation for a horizontal aquifer. The definitions of these three functions are given below.
[65] For the early-time solution with a nonzero head h 0 in the channel, f Lo is a rather complex function of h 0 and D [Lockington, 1997] . However, f Lo takes on a narrow range of values between 1.136 and 0.785 and can be approximated by a polynomial function. The following
